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Given a conformal data on a flat Euclidean space, we use crosscap conformal bootstrap equations
to numerically solve the Lee-Yang model as well as the critical Ising model on a three-dimensional
real projective space. We check the rapid convergence of our bootstrap program in two-dimensions
from the exact solutions available. Based on the comparison, we estimate that our systematic error
on the numerically solved one-point functions of the critical Ising model on a three-dimensional real
projective space is less than one percent. Our method opens up a novel way to solve conformal field
theories on non-trivial geometries.
The numerical conformal bootstrap in higher dimen-
sional conformal field theories (CFTs) has provided us
with the most efficient way to derive critical exponents
in yet-to-be analytically solved theories such as the crit-
ical Ising model [1][2][3][4] in three dimensions. It also
judges (non)-existence of controversial CFTs in various
areas of theoretical physics (e.g. [5][6][7]).
Almost all of these numerical studies have been aimed
at deriving a conformal data, i.e. operator spectrum and
operator product expansion (OPE) coefficients, on a flat
Euclidean space (see, however, [8][9][10] for numerical
bootstrap with defects or boundaries). Studying CFTs
on space-time with non-trivial geometry should give us
more information about the properties of the CFT. For
example, there have been numerous studies in two di-
mensions, where the modular invariance puts strong con-
straints on the spectrum.
In this paper, we use the conformal bootstrap program
to solve CFTs on d-dimensional real projective spaces. A
real projective space is defined by an involution
~x→ − ~x
~x2
(1)
on the flat Euclidean space Rd parametrized by a vector
~x, and it preserves the SO(1, d) subgroup of the original
(Euclidean) conformal symmetry SO(1, d + 1). Alter-
natively, one may conformally map it to the Lorentzian
cylinder Rt × Sd−1, where the involution is given by the
CPT transformation (t, ~Ω) → (−t,−~Ω), where ~Ω is a
unit vector on Rd parametrizing Sd−1. When d is even,
the real projected space is not orientable. See fig 1 for
illustration.
More recently, we found that CFTs on real projec-
tive spaces have a surprising application to construct-
ing bulk local operators in the context of holography
[11][12][13]. There the building block of CFTs on real
projective spaces, so-called Ishibashi states [15] can be
mapped to bulk local operators in the dual AdS space-
time. This observation gives a geometrical interpretation
of the crosscap conformal blocks in terms of correlation
functions in AdS space-time [13].
FIG. 1. Involutions used in two-dimensional real projec-
tive spaces: The left panel describes the involution (t, ~Ω) →
(−t,−~Ω) on the Lorentzian cylinder while the right panel de-
scribes the involution ~x→ − ~x
~x2
on the Euclidean space. The
fundamental domain can be chosen t ≥ 0 or r2 = ~x2 ≥ 1.
In two dimensions, CFTs on a projective space have
important applications to unoriented string theory. They
give a worldsheet realization of orientifold planes. In ra-
tional CFTs, one may use the conformal bootstrap equa-
tion on the projective space or modular bootstrap equa-
tion on the Klein bottle and Mo¨bius strip to solve the
crosscap states. This is possible with the help of the
enhanced Virasoro symmetry with null vectors [16].
So far, there has been no rigorous way to use an ana-
logue of modular bootstrap in higher dimensional CFTs.
In this paper, we, then, resort to conformal bootstrap
equations on real projective spaces to derive one-point
functions. Our input parameters are conformal data on
a flat Euclidean space. We study the critical Ising model
and the Lee-Yang model as our examples, but our method
has wider applicability to the other non-trivial CFTs as
long as the conformal data on the flat Euclidean space
are sufficiently well-known.
Three dimensional CFTs are notoriously hard to solve
analytically, but the recent development in numerical
conformal bootstrap allows us to obtain conformal data
with sufficiently high precision. We use these data to
numerically solve the conformal bootstrap equations on
real projective spaces. We check the rapid convergence of
our bootstrap program in two-dimensions from the exact
solutions available, and we estimate that our systematic
2error on the numerically solved one-point functions of the
critical Ising model on a three-dimensional real projective
space is less than one percent. As far as we are aware,
our result is the first prediction of the one-point func-
tions of the critical Ising model on a three dimensional
real projective space.
Let us consider a CFT on a d-dimensional real projec-
tive space. One-point functions of scalar primary opera-
tories Oi with conformal dimension ∆i are given by
〈Oi(~x)〉 = Ai
(1 + ~x2)∆i
. (2)
From the rotational invariance, higher spin operators do
not possess non-zero one-point functions. Once Ai are
known in addition to conformal data on the flat Eu-
clidean space, the CFT on real projective spaces is com-
pletely solved in principle.
Two-point functions can be parameterized as
〈O1(~x1)O2(~x2)〉
=
(1 + ~x21)
−∆1+∆2
2 (1 + ~x22)
−∆2+∆1
2
(~x1 − ~x2)2(
∆1+∆2
2
)
G12(η) , (3)
where η = (~x1−~x2)
2
(1+~x21)(1+~x
2
2)
is the crosscap crossratio. By
using the conformal invariance and OPE O1 × O2 =∑
iC12iOi in the ~x1 → ~x2 limit (i.e. η → 0 or A→ B in
fig 1), one can derive the conformal partial wave decom-
position [14]:
G12(η) =
∑
i
C12iAiη
∆i/2
2F1
(
∆1 −∆2 +∆i
2
,
∆2 −∆1 +∆i
2
;∆i + 1− d
2
; η
)
.
(4)
We are going to fix the overall normalization such that
for the identity operator A1 = 1, and Cij1 = δij . Note
that the sum is taken only over scalar primary operators.
The similar expression for disk two-point functions was
derived in [19]. In relation to the holography, each term
in the sum corresponds to the bulk-boundary three-point
functions in AdS space-time [20][21][14].
Now we may also expand the two-point functions by
using the mirror channel OPE ~x1 → −~x2~x22 (i.e. η → 1 or
A→ B′ in fig 1). Assuming that Oi transforms trivially
under the involution (i.e. Oi(~x) ∼ ΓijOj(− ~x~x2 ) with unit
Γij), we have the crossing equation
(
1− η
η2
)∆1+∆2
6
G12(η) =
(
η
(1− η)2
)∆1+∆2
6
G12(1− η) .
(5)
This will be called the crosscap bootstrap equation. A
generalization to the case in which Oi transforms non-
trivially under the involution is straightforward, but we
will not use it in this paper. Our program is to solve (5)
numerically to determine Ai with a given conformal data
∆i and C12i on the flat Euclidean space.
One way to numerically solve the crosscap bootstrap
equation is to truncate the sum over i and demand that
(5) hold around the symmetric point η = 1/2. While
there are many options how to determine Ai approxi-
mately at this point, we use the similar derivative expan-
sions studied in [17][18][10]: we require up-to (2M +1)th
order derivatives at η = 1/2 exactly vanish (while even
number of derivatives automatically vanish). Although
the method has been sometimes called “a severe trunca-
tion” in the literature [22], we will see that the conver-
gence is remarkably rapid and just a few order truncation
shows a reasonably accurate estimate of the real projec-
tive space one-point functions in exactly solved examples
as we will see below. We note that in some cases like
a free boson CFT, the sum is actually over a finite set
in the crosscap bootstrap equation and the truncation is
then exact. This is in sharp contrast with the conformal
bootstrap equations on a flat Euclidean space in which
the infinite sum is always necessary.
On a theoretical basis of this truncation approach,
we note the following. If the coefficients C12iAi in (4)
were all positive, which is indeed the case for the exactly
solvable two-dimensional critical Ising model (see sup-
plemental material), one could use the Hardy-Littlewood
type asymptotic analysis to show that the convergence
of the conformal partial wave decomposition (4) is expo-
nentially fast in line with the studies of [23][24][25] for
four-point functions on a Euclidean space. In particular,
only including the operators ∆i < ∆∗ in the summation
would cause the exponentially suppressed error of order
2−
∆∗
2 in G12(η = 1/2) as ∆∗ → ∞ . While we unfortu-
nately do not know the positivity of C12iAi for generic
CFTs, the rapid convergence we will nevertheless see may
imply that no dangerous cancellation, which could ruin
the asymptotic analysis, is happening.
In order to test the efficiency of our numerical con-
formal bootstrap program, we begin our studies in two-
dimensions. Rational CFTs on a two-dimensional real
projective space can be exactly solved, and the Lee-Yang
model and the critical Ising model that we examine are
such examples. The former is an example of non-unitary
CFTs, but in our bootstrap program, unitarity does not
play a crucial role.
We first study a two-point function 〈σ(~x1)σ(~x2)〉 of the
spin operator σ in the Lee-Yang model on a real projec-
tive space. In terms of the global conformal block, the
scalar OPE is given by
σ × σ = σ + 1 + ǫ′ + ǫ′′ + ǫ3 + · · · (6)
with the conformal dimensions ∆σ = −0.4 and ∆i =
−0.4, 0, 4, 7.6, 11.6, 12 · · · .
In the crosscap bootstrap equation, we truncate the
sum over the first (n + 1)th scalar exchange (e.g. for
n = 2, we include σ,1, and ǫ′) and demand that up to
(2n+1)-th derivatives of the crosscap bootstrap equation
at η = 1/2 vanish. The resulting approximate solution of
3the crosscap conformal bootstrap equation for CσσσAσ
and Cσσǫ′Aǫ′ are summarized in table I. We see that al-
ready at n = 2, the error in CσσσAσ is one percent, and
the convergence to the exact solution (see supplemental
material) is quite fast.
Exact (2,0) (3,0) (4,0) (5,0)
CσσσAσ −3.9338 −3.9101 −3.9364 −3.9345 −3.9342
Cσσǫ′Aǫ′ −0.01818 −0.02012 −0.01795 −0.01811 −0.01814
TABLE I. Solutions of crosscap bootstrap equation with var-
ious truncations in two-dimensional Lee-Yang model. With
the notation (n, 0), we truncate the sum up to n + 1 scalar
operators including the identity operator.
Similarly, we can study a two-point function
〈σ(~x1)σ(~x2)〉 of the spin operator in the two-dimensional
critical Ising model on a real projective space. In terms
of the global conformal block, the scalar OPE is given by
σ × σ = 1 + ǫ+ ǫ′ + ǫ′′ + ǫ3 + · · · (7)
with the conformal dimensions ∆σ = 0.125 and ∆i =
0, 1, 4, 8, 9, 12, · · · . The approximate solutions of the
crosscap bootstrap equation are summarized in table II.
Again, we see the convergence is remarkably rapid with
increasing n.
Exact (2,0) (3,0) (4,0) (5,0)
CσσǫAǫ 0.20711 0.20407 0.20757 0.20693 0.20710
Cσσǫ′Aǫ′ 0.01563 0.01702 0.01539 0.01572 0.01563
TABLE II. Solutions of crosscap bootstrap equation with var-
ious truncations in two-dimensional critical Ising model.
So far, we have used the conformal data on a flat Eu-
clidean space as a given input. However, in harmony
with a spirit of [10], one may determine the conformal
data self-consistently from the crosscap bootstrap equa-
tion. This is done by requiring that up to (2(n+2m)+1)-
th derivative vanish given n input conformal data. The
condition determines m additional conformal data.
In table III, we summarize our attempt to deter-
mine conformal data of the two-dimensional critical Ising
model on the flat Euclidean space self-consistently from
the crosscap bootstrap equation. We typically see that
the predicted conformal dimensions are larger than the
known exact values, but this may be expected because
they represent contributions of all the higher dimensional
operators than the truncated ones. We also observe that
irrespective of the precision of the predicted conformal di-
mensions, the obtained one-point functions become bet-
ter approximated in all examples we have studied.
Given the success of our numerical conformal boot-
strap program on a real projective space in two-
dimensions, we now apply the same idea to three-
dimensional CFTs. This will result in the first predic-
tions of one-point functions of interacting CFTs on a
three-dimensional real projective space.
Exact (1,2) (2,1) (2,2) (3,1)
CσσǫAǫ 0.20711 0.21499 0.20653 0.20696 0.20712
Cσσǫ′Aǫ′ 0.01563 0.01248 0.01593 0.01571 0.01558
spectrum ∆ǫ′ = 4.4 ∆ǫ′′ = 9.1 ∆ǫ′′ = 8.4 ∆ǫ3 = 10.8
predictions ∆ǫ′′ = 11.1 ∆ǫ3 = 12.2
TABLE III. Solutions of crosscap bootstrap equation with
additional self-consistent predictions of the spectrum in two-
dimensional critical Ising model. With the notation (n,m) we
truncate the sum up to n + 1 scalar operators including the
identity operator, and predict m additional conformal data.
Let us begin with the Lee-Yang model in three di-
mensions. The conformal data, in particular the dimen-
sions of irrelevant operators, is much less known in this
model, but we use the recent result obtained from the
self-consistent numerical bootstrap for four-point func-
tions on a Euclidean space in [18]:
∆σ = 0.235 , ∆ǫ′ = 4.75 . (8)
In table IV we show the numerical solutions of the
truncated crosscap bootstrap equation. Since we have
much less conformal data than in two-dimensions, we
have also tried to improve our estimate by including the
self-consistent predictions of higher dimensional opera-
tors as shown in table IV. As in two-dimensions, we do
not expect that the self-consistent prediction gives the
precise conformal dimensions, but we expect the one-
point functions become better approximated.
(2,0) (1,1) (1,2) (2,1) (2,2)
CσσσAσ −1.369 −1.352 −1.3587 −1.3656 −1.3650
Cσσǫ′Aǫ′ −0.00613 −0.00409 −0.00485 −0.00561 −0.00551
spectrum ∆ǫ′ = 5.5 ∆ǫ′ = 5.1 ∆ǫ′′ = 9.6 ∆ǫ′′ = 8.9
predictions ∆ǫ′′ = 11.3 ∆ǫ3 = 12.4
TABLE IV. Solutions of crosscap bootstrap equation with
additional self-consistent predictions of the spectrum in three-
dimensional Lee-Yang model.
Finally, we numerically solve the crosscap bootstrap
equation in the critical Ising model in three dimen-
sions. As for the conformal data on the flat Euclidean
space in particular for higher dimensional scalar oper-
ators, we use two sets of parameters computed by the
self-consistent truncated bootstrap solutions of bound-
ary two-point functions [10] and the extremal functional
method [26] in numerical bootstrap of the four-point
functions on the flat Euclidean space.
The one from the truncated boundary bootstrap is
Set A: ∆σ = 0.518154, ∆ǫ = 1.41267,
∆ǫ′ = 3.8303, ∆ǫ′′ = 7.27, ∆ǫ3 = 12.90. (9)
The one from the extremal functional method imple-
mented by Juliboots [27] with nmax = 21, mmax = 1 is
Set B: ∆σ = 0.518151, ∆ǫ = 1.412658,
∆ǫ′ = 3.83032,∆ǫ′′ = 6.9905, ∆ǫ3 = 10.83,
∆ǫ4 = 15.22, ∆ǫ5 = 21.07 . (10)
4Here, the extremal functional includes order
n2max
2 opera-
tors, but the dimensions of scalar operators ∆ > 10 are
sensitive to nmax used. This will be the one of the main
sources of the systematic error in our program. We have
also checked the sensitivity with the implementation by
SDPB [4], but the results do not improve much.
Based on these conformal data, we compute the ap-
proximate solutions of the crosscap bootstrap equation as
shown in table V. For comparison, we have also included
our self-consistent predictions of the operator spectrum
with n = 2 and m = 2. The result is ∆ǫ′′ = 7.60 and
∆ǫ3 = 10.7, which may be compared with the above self-
consistent truncated solutions from the boundary boot-
strap.
(2,0) (4,0)A (4,0)B (6,0)B (2,2)
CσσǫAǫ 0.690 0.7015 0.7022 0.70197 0.7006
Cσσǫ′Aǫ′ 0.054 0.0475 0.0470 0.04714 0.0480
TABLE V. Solutions of crosscap conformal bootstrap equa-
tion for the critical Ising mode in three dimensions.
In order to check the stability of the truncation and
estimate the systematic error with respect to the less
reliable spectrum of higher dimensional operators, we
have repeated our analysis by artificially changing the
values of ∆ǫ4 and ∆ǫ5 in set B, ranging between (14, 16)
and (18, 25) respectively. The predictions of CσσǫAǫ and
Cσσǫ′Aǫ′ then fluctuate around 0.70197 ± 0.00008 and
0.04714± 0.00007. As in [10], we may regard the fluctu-
ation as a rough estimate of the systematic error of our
approach, which is small and comparable to the trunca-
tion error we saw in the two-dimensional critical Ising
model.
Combining the known OPE coefficients (see e.g. [2]:
the number we use below is obtained from the output of
Juliboots with nmax = 21, mmax = 1)
Cσσǫ = 1.0518 , Cσσǫ′ = 0.0530 , (11)
we finally predict
Aǫ = 0.667(2) , Aǫ′ = 0.896(5) (12)
for the three-dimensional critical Ising model on a real
projective space. From the numerical convergence and
the comparison with the experience in two-dimensional
cases, we estimate that our systematic error is less than
one percent.
In this paper, we have proved that the conformal boot-
strap is useful not only on flat Euclidean spaces, but also
on real projective spaces. We would like to conclude the
paper with future directions to be pursued.
First of all, we have studied the simplest models i.e.
the Lee-Yang model and the critical Ising model, but our
method can be easily generalized to other models such as
critical O(n) models. Assuming the simplest involution
that commutes with O(n) symmetry, the crosscap boot-
strap equations for 〈σi(~x1)σj(~x2)〉 take the same form
since only the O(n) singlet scalar operator contributes to
the sum, so one may solve the equations in the same way
as we have done in this paper. The only difference is the
input conformal data, which can be obtained along the
line of [28][29] from the conformal bootstrap.
Another interesting future direction is to study other
correlation functions. Indeed, since we have deter-
mined the projective space one-point function only from
〈σ(~x1)σ(~x2)〉, the study of the other correlation functions
yields strong consistency checks. More ambitiously we
may imagine that we would be able to predict confor-
mal data on the flat Euclidean space such as Cσσǫ/Cǫǫǫ
from the consistency conditions of multi-correlator cross-
cap bootstrap equations.
Finally, it would be interesting to check our predic-
tions from the direct studies of the correlation functions
on real projective spaces e.g. from epsilon expansions,
Hamiltonian truncations, and Monte-Carlo simulations.
On computers, there is no obstruction to study statisti-
cal models on real projective spaces while experimental
tests may require some ingenuity.
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Appendix A: Exact bootstrap solutions in
two-dimensions
In this appendix, we will present the exact solutions of
the crosscap bootstrap equations with the Virasoro sym-
metry in two-dimensional Lee-Yang model and the criti-
cal Ising model. In rational CFTs, we only need a finite
number of Virasoro conformal blocks to solve the cross-
cap bootstrap equations. Furthermore due to null vectors
in the Virasoro algebra, one may derive explicit forms of
the Virasoro crosscap conformal block in the minimal
models. Then the crosscap bootstrap equations are re-
duced to algebraic equations that can be easily solved.
In the Lee-Yang model, we have the Virasoro OPE
[σ]× [σ] = [1] + [σ] . (A1)
Accordingly, the two-point function of the spin operator
σ on the real projective space can be decomposed into
two Virasoro blocks:
Gσσ(η) = (1− η)1/52F1(2
5
,
3
5
;
6
5
; η)
+ cLYη
−1/5(1− η)1/52F1(1
5
,
2
5
;
4
5
; η) , (A2)
where
cLY =
Γ(15 )(Γ(
2
5 )Γ(
3
5 )− Γ(− 15 )Γ(65 ))
Γ(35 )Γ(− 15 )Γ(45 )
= −
21/5
√
5(5 + 2
√
5)πΓ( 110 )
Γ(− 15 )2
= −3.9338 (A3)
is determined from the crossing symmetry. In terms of
the global conformal block, we have the decomposition
Gσσ(η) = 1− η
2
55
2F1(2, 2; 4; η) +
η6
596750
2F1(6, 6; 12; η) + · · ·
+ cLY(η
− 1
5 2F1(−1
5
,−1
5
;−2
5
; η)
+
η
19
5
7410
2F1(
19
5
,
19
5
;
38
5
; η) + · · · )
(A4)
The coefficients in front of each block were quoted as the
exact results in table I.
In the critical Ising model, we have the Virasoro OPE
[σ]× [σ] = [1] + [ǫ] (A5)
and the two-point function of the spin operator σ on the
real projective space can be decomposed into
Gσσ(η) = (1− η)3/82F1(3
4
,
1
4
;
1
2
; η)
+ cIη
1/2(1− η)3/82F1(3
4
,
5
4
;
3
2
; η), (A6)
where cI =
√
2−1
2 = 0.20711. This number was also ob-
tained from the modular bootstrap in [16].
Note that the two-point function can be expressed in
terms of more elementary functions by using
2F1(
3
4
,
5
4
;
3
2
; η) =
√
2
√
1−√1− η√
1− η√η
2F1(
3
4
,
1
4
;
1
2
; η) =
√
1 +
√
1− η√
2
√
1− η . (A7)
In terms of the global conformal block, we have the
decomposition
Gσσ(η) = 1 +
η2
64
2F1(2, 2; 4; η) +
9η4
40960
2F1(4, 4; 8; η) + · · ·
+ cI(η
1
2 2F1(
1
2
,
1
2
; 1; η) +
η
9
2
16384
2F1(
9
2
,
9
2
; 9; η) + · · · )
(A8)
The coefficients in front of each block were quoted as the
exact results in table II.
6In the above solutions of the crosscap bootstrap equa-
tions, Euler’s transformation
2F1(a, b; c; η) = (1− η)c−a−b2F1(c− a, c− b; c; η)
=
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)2F1(a, b; a+ b+ 1− c; 1− η)
+
Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
(1− η)c−a−b
× 2F1(c− a, c− b; 1 + c− a− b; 1− η) (A9)
may be useful.
